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Note : Attempt Five questions in all, Q. No. 1 is

compulsory. All questions carry equal marks.

1. (a) Define left Artinian ring.
(b) Define Noetherian module.
(¢) Define separable polynomial.

(d) Define the characteristic of a ring.
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Define simple extension of a field.
Define Splitting ficld of a polynomial.
Define Algebraic extension of a field.

Define Fixed field.

Prove that every abelian group G is a

.module over the ring of integer Z.

Let /' be a homomorphism of R-module
M into an R-module N. Show that f is
an isomorphism iff Ker /= {0).

Let M be a finitely generated free module
over a commutative ring R. Prove that
all bases of M are finite.

Let M|, M, be free R-module then prove

that M, x M, is also a free module.

4. Let N be a R-submodule of a R-module M.

Show that M is Noetherian iff N and M/N arc

Noetherian. °
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5. Prove that in a Noetherian ring, sum of _ | 9. (a) Show that the group of automorphism of
Nilpotent ideals is again a Ni]potem ideal. - 2 field F with p" clements is cyclic of

6. (a) Find the splitting field and its degree for order » and generated by ¢, where

the polynomial x* — 3 over Q. px) =x", x e .

(b) Let K|z be any extension and (b) Let F be a finite field. Show that :
flx) e Flx], show that the elemen - (i) The characteristic of F is. a prime
a € K is a root of polynomial fix) iff number p and F contains a subfield
(x — a)|f(x) in K[x]. : F, = Z/<p>.
7. (a) Let p(x) e F[x] be the polynomial of (11) The number of elements of F is p”
degrec n > 1, prove that there exists an for some positive integer . '

extension E of F containing all the roots
of p(x) and [E : F] < n'l.

(b) 1If a € K is algebraic over F of odd
degree, show that F(a) = F(a?).

8. If E is a finite extension of a field F, prove
that E is simple extension of F iff there are
only a finite number of subficlds of

L= containing F,
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